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_ Quantum D=4 Poincaré superalgebra
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% Institute of Physics, Pedagogical University, Plac Slowianski 6, 65-029 Zielona Géra,
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Received 2 July 1993

Abstract. The x-deformation of D=4 Poincaré algebra is extended to the N=1 D=4
Poincaré superalgebra. By the contraction of real Hopl superaigebra U,(OSp(1]4)) (g
real) we obtain real Hopf algebra U (2,.1) (P4,,) is written in the form which in the limit
of vanishing fermionic generators (supercharges) reduces to the x-Poincaré algebra
U (P} (P describes D = 4 Poincaré algebra) proposed by Lukierski, Nowicki and Ruegg.

Recently the formalism of quantum (super) groups and quantum (super) algebras ([1-
4]; for ‘super’ case see [S—6]) has been applied to describe the deformations of the
fundamental D =4 space-time symmetries (7-17] as well as their supersymmetric
extensions [12, 18-20]. The first ‘genuine’ quantum deformation of D =4 Poincaré
“algebra (i.e. taking the form of a real Hopf algebra) was given in [15], where the
x-Poincaré algebra with standard real form was derived§. In this letter we shall
‘supersymmetrize’ the scheme presented in [15] by replacing the contraction

U,[03.2)] — U2y

o (1a)
[)

by the following one

vlosp(]) - U(P4)

g—1
R—oo |

(1b)

§ In our earlier work [7] we obtained the x-deformation of Poincaré algebra with non-standard real form.
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where in both cases the limit occurring in (1b) is described by the contraction R — o
under the assumption that g= exp(lexR), ie.t

g—1 1
[ ]: lim Rlnq-:,):- - (2

R—w Rrm

As a result we obtain the D=4 N =1 x-super Poincaré algebra, with the following
basic properties:
(i) The standard D=4 supersymmctry relations (0=Q% a,b=1,2,3,4)

{Qa: Qb}= b= (}' )abP (30)
with D?= P}~ P*= P, P* is replaced by

{Q-Au Qb} = ab = (?"O)ab 2“ SlI]h Py (yt)abP (y#)aﬁp (3b)

where P,= P,, Py=2x« sinh(Py/2x).
We see that the right-band side of {3b) describes the Dirac root of the k-deformed
mass Casimir C; of the x-Poincaré algebra (see [15])

P Py _ .
Cy= | 21sinh =2’ cosh —~1 —P¥=P,— P (4)

(ii) In the quantum superalgebra U (%,,,) due to the relations (3b) one can replace
the fourmomenta operators by the bilinears of supercharges. In our framework the x-
Poincaré algebra U, (%P,) can be obtained from U, () if we put all four supercharges
0, equal to zero. )

(iii) The deformed Lorentz algebra ceases to be a Hopf subalgebra of U (P}
because the boost commutators depend on the fourmomenta as well as the bilinears of
the supercharges. We have

Ux(@d.l)DUx(@d'):Ux(o(:i’ 1)) (K<°°)
} k=00 L k= | x=w E)
U(@,.,) 2 U@ > UOB, 1) (x=co).

In this Jetter we first describe briefly the real form of U,(OSp(1}4)), which undergoes
subsequently the contraction (2). We should mention here that in 1991 the algebraic
sector of the x-super Poincaré algebra was calculated by performing the contraction of
U, (0Sp(1]4)) for {g|~1 with non-standard reality condition [12]§. It appears,
however, that (compare the discussion of x-Poincaré algebras—e.g. [13, 15]) the
standard real structure U,(OSp(1]4)) which provides, after the contraction limit (2),
the flat O(3) sector, is described necessarily by the involution which maps the

tThe contraction (2) for U (SU(Z)) was propased firstly by the Firenze group [21]. |t should be afso
observed the factor 2 oceurring in the limit (1.2) in the supersymmetric case providing simple comparison
with the reults of [13].

1 Here we write basic supersymmetry relations in its Majorana form with real four supercharges. In sections
3 and 4 we shall use the two-component Weyl spinor notation.

§ We would like to add here that the relations (5.20) in (5.23) in [12] contain some errors (e.g. in {5.20) the
parameter x should be replaced by 2x).
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standard Cartan-Weyl basis into the elements of the antipode-extended Cartan—Weyi
basis. It is this antipode-extended Cartan-~ Weyl basis of U, (OSp(1]4)) (S =antipade):

e e e. e
bosonic: = o) et o (6a)
S(esarm) S{ex@a+2) h, hg
fermionic: ey Criatf) S{essp) (6b)

which should be used for the introduction of the physical generators of N=1 D=4
Poincaré superalgebra. The standard as well as non-standard Cartan—Weyl basis of
U,(0Sp(1}4))—the second one chosen from the generators (6a, b) and adjusted to
the real form under consideration—is described in section 2. In section 3 we define the
physical generators and after suitable non-linear redefinition of boost generators we
write down explicitly the quantum x-Poincaré superalgebra (the real Hopf algebra) in
its final form. One gbtains that the x-supersymmetry algebra (3) is supplemented by
the following coproduct formulae

A(Q)=Q, Qe +eMWNRQ, (7a)
which leads via the relationst

{a(Q.), MA@} =) AP (7b)
to the coproduct

A(P)=P®@1+1Q P, (8a)

A(P)=P,@e" ™4 g~ R2IQ p, (8b)

describing the four-momentum sector of 7, (%,) [15].

In this letter we present the derivation of x-Poincaré algebra by contraction. The
x-deformation of Poincaré algebra can also be obtained in an algebraic way, following
the alternative discussion of x-Poincaré algebra [16, 17]. The algebraic derivation of
x-Poincaré superalgebra is now under consideration.

Let us introduce first the root system for the superalgebra B(0, 2)=0Sp(1|4). If
the fermionic roots 0, =a + g, 0,=§ are endowed with the scalar product

(d1,01)=(d;,6;)=1 (61,6,)=0 (9a)

one obtains the following symmetric Cartan matrix

(a’a) (Ct,ﬂ) 2 -1
“""“((ﬂ,a) (ﬁ,ﬁ))=(—1 1)' (%6)

t From (8a) follows that, consistently with the relations (75), one obtains
A(Py) = Py@eTo* 4 M@ Py
where

Pz By
*(Py/x) — i + 7
¢ (1 * 4x2) T
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The standard g-deformed Cartan-Weyl basis is obtained by adding the non-simple
generators defined by the formulae ([6]; [4, B],=AB—xBA, {A, B},=AB+xBA)

Caep=[€n: 5] e wpm=le-pe_dq
Corp=1{€uip, €5} (gt =1€_(asp)> €p} (0)
e=(1+q)e% e_p=(1+q "),
exarpy=(1+qleley Cziaspy= (17 e2 1 g)

The six generators ez, = e, €:p= €4, i, (i = 1, 2) satisfy the Drinfeld-Jimbo relations
(15, 6]; [x)g—gq~) "+ (g"— g™
[ed'i e—a] = [ha] {eﬁ’ e‘ﬂ} = [hﬁ}
[e., e-p)=0 (11
[hia ei}} =t aljei]

as well the g-deformed OSp(1{4) Serre relations. One can derive the following
algebraic relations for the 14 generators of Cartan—Wey! basist:
(a) Fermionic ¢-deformed bilinear relations (F-F sector)

{eﬁ: e-(m,s)} = f—’—aq—"ﬁ
{ea-t-ﬁ: e—(a+,8]} = [ha + hﬂ]‘?‘
(b) Fermionic g-covariance relations (B~F) sector)

(12a)

(€0) Carple=1easpr Cavapl = €aszp, €5],=0
[€asp,ema] = — 257"
[eas2p €ntarp] = —€q~ Pt

[e5, €-@rap] =~ € _@rpg ™"

les, €25] = [€a+g, €24a4)] =0

[ess. e-p]=—eslg ™+ qq") (126)

[easp, €)= (g — g earpep

lex, e- @] =(g—q Nepe_aq™

les: exaem] =(q 7' — g)easpeusap

[exaipy €-sl= (@7 = 1)eaea,pq™s

[exarpy E-@em] = —(Carsq "o+ €, g~ Fat ),
(c) Bosonic g-deformed bilinear relations (B-B sector)

[€a; €ar2g] = Exavp)

[easrps -] =—€2597"

[eas2ps €-urzpl = =Rt 2Ry,

 We present onty half of the algebraic relations. The other half can be obtained by the following anti-
automorphism

€4, ) lh.("""“t q—>q !

called in {6] the Cartan—-Planck involution,
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[exs. e-2]= (g — 4™ Vege glhd F (1—q ) - (1+q)[2k],
[exaran e-2arp) = 1—q "+ € ppe_uplg — g™
“lho+ hgle— (L + @) 2R+ 204,
[ea €spl-2= (1 + g Vearsp+ (g — 9 easses (12¢)
fezs, €-a] = [€arap: €2p] =0
[e2s €—iaran) = — (@97 Vegeem@ ¥~ (1 +q ™ eaq ™
[€a: €2a+pl 2= [€21arppr €arapl =0
[exatpy, e~ad = = (@— @™ Veaupesq "= (1 + g Vegrasq "
(ot p -] = (@7 — Vearse 5" 1~ (1 + q)eqq ™" ¥
[ezarpy €28l = (1 +9)(g— g Ve lupst (4~ Veargearmep
[exaspy €28l = (1+ g (g2~ 1)g elg ™+ (72~ 1)%e €056 -9 ™.

The algebraic relations (12a—c) should be supplemented by the coproducts derived
from the Drinfeld-Jimbo classical formulae for simople root generators [1, 3, 6}

Ales)=e.,Qq"? + g W Qe,, (13)

by using the relation A(ab) = A(a)- A(b) where a, b e U,{OSp(1|4)). We would like to
stress here that in this derivation the following formula [6):

(a®b)- (c®d) =~ 1)54¢"#94¢(ac) @ (bd) (14)

should be used. Similarly, by using the relation S(ab)=(—1)#** #58(h)S(a) and
the formulae [15, 6]

S(esa) = — g%, S(eﬁﬁ) =- qiwz)eiﬁ S(h)=—h; (15)

one obtains the antipodes for all 14 generators of the standard g-deformed
Cartan—Weyl basis. We shall use further the following involution

e =e_; hl=h, (16)

With such an involution the following two choices of the deformation parameter g can
be considered:

(i} |g]|=1. In such a case the involution (16a) does not take us out of the
Cartan—Weyl basis of U,(OSp(1]4)), but the coproduct formulae are only invariant if
the involution acts on tensor products in a non-standard way ((a®b)* =b* ®a*).
Therefore for g on the unit circle we obtain U, (OSp(1]4)) as a non-standard real Hopf
superalgebra, and such a choice was investigated in [12].
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(i) g real. This choice is proposed in the present paper and it leads to a standard real
Hopf superalgebra U,(OSp(1{4)). The technical complication is due to the appear-
ance of the generators é_, (see 6a, b} generated by the involution (16a). More
explicitly, by using the relations (ab)* = b"a* one obtains

Crip=E@ip =9 e-@pt (1~ g e pe s
e =b =9 @t (1—g e ypea— (@7 —q e pe i
ep=E€ 1=qe.y (16b)
Chatp)=E-riarpy =G €-2arpyt (1= g e _yel,

+(1+ ) (1~ q 7% ape-d) =7 (1~ q e ge-uiplea

The set of generators
€x1 h; €4 é_a (A=a+p,a+28,28,2(a+8)) (17)

is invariant under the involution (16a,b) and defines a non-standard g-deformed
Cartan-Weyl basis of U,(OSp(1]4)).

The set (17) replaces for g real, the standard Cartan—Wey! basis with non-simple
generators (10). The relations (12a-c) should be modified by removing all the
generators e_, and inserting the generators é_,. The only new relations which should
be calculated are [e,,é.,], where a,b=(a+§, a+28, 2(a+8))t—the other (in
particular [€..,, €_,]) can be obtained from the ones given by (12a—c) by the action of
antipode or the involution (16a). For example we obtain the followmg ‘diagonal’
commutators

{easpr €@t = et Hglg+ (A — g™ (€€ _og ™ —ege_sq ") + g Y g M *am q""ﬂ*(”ﬂ’))
18

and the following ‘non-diagonal’ one
[ea*-ﬂ’ é—ta+2ﬂ)] =- eﬁq_(h“”ﬁ)_ (g—q _])eﬂq he~Ha — (g—q _l)ea-r.ﬂe-aqhﬁ
+(g*—eyge-pq™"

which should be compared with the second formula in (122) and the third one in (126)
Similarly using the formulae (16) one can calculate the coproducts A(£_,) as well as
the antipodes S(&-,).

+ From (16b) it follows that é_,, Is proportional to e_y,.
t Non-standard Cartan-Weyl basis can be defined as providing diagonal commutators which are not
entirely functions of Cartan penerators.
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We introduce below 14 linear combinations of generators (17) which are self-
conjugate under the involution (16a, b):
(a) Lorentz generators

1
Mp=1%h, M23=“}’f(e¢z+e—a) M31=_2““(ea_~‘-’—a)

1
Mio=7 (Exarpy— E-raem — erp+ €-39)

. ) ) (19a)
My=7(exp+é st eyurntE 20ep)
i -
My = 5 (3—(a+w3— 3a+2,3)-
We shall use also the notation
M;=M,, M. =My;kiM;,
. (195)
L3=M30 L¢=M10i1M20.
(b) Curved translations
Mg =% (et 35— €xorp)— E_2arpy)
i — -
My, = 7o + Erarpy = €-2(a48))
. (20)
MSS = % (ea+28 + e—(a+2ﬂ))
M50 = '% (ha + Zhﬂ')
(c) Supercharges (in two-component Weyl notation):
"I"]_:eﬁ_é_(a.'.ﬁ) ‘i’;=8_ﬁ—ea+ﬂ-
- _ (21)
‘{iz=—(ea+ﬂ+e_ﬂ) 1112=—(eﬂ+e_(a+m).

If g=1 ten real generators My, (K=1,2,3,0,5; Mg =M};) describe the O(3,2)
algebra with metric gg, =diag(—1, —1, —1, 1, 1,), and four generators (21) describe
four OSp(1|4) supercharges, satisfying the reality conditions ¥} =W;. In order to
contract 05p(1]4) to N=1, D=4 Poincaré algebra one redefines the generators (20)
and (21) as follows (¢ =1,2,3,0)

M,,=RP,

. 22
¥,=R"Q, U,=R"0, #2)

and performs the limit R—.
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The formulae (22) as well as the rescaling (2) of the deformation parameter ¢ lead
to the contraction of the g-deformed real U,(OSp(1|4)} guantum algebra. In order to
obtain in the contraction limit our x-deformed Poincaré superalgebra we should:

(a) describe all the commutators

[MKL, Msr] [MKL, QA] [MKLv Q.it]

and the anticommutators of any two supercharges Q,, (4 in terms of the generators
(17), satisfying the relations (12a—c)
(b) perform the contraction (2)
(c) follow our experience with x-Poincaré algebra [14,15] to find the non-linear
transformation of contracted generators which simplifies the result.

In our calculations we shall define the following new boost generators (r=1,2)

i
L,=L, $E(P:t +{M., Py}

i (23)

Ly= Lyt (ML P_ = PM )+ o= (00— 0,00,

(d) Using the formulae (19-21) one should calculate the limit (2) of coproducts
A(M )A(Q,), A(Q4) and of the antipodes.
The results can be described by the following set of relations:
(a) Non-relativistic O(3) » T, sector (M,, P, Py).
(i) Algebra

(M, M) =ic; M,
[M,, P,]=ie,, P, [M,, P;]=0 (24)
[P,.P,]=0.

(it) Coalgebra

AM)=M®1+18M, (25)

The coproducts for P,=(P;, P,) are given by the formulae (84, b).
(ili) Antipodes:

S(M)=-M, S(P,)=-P,. (26)
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(b) Boost sector (L))
(i) Algebra

Lo P, 1 P,
[L.,L}=—- 1£,k(Mkcosh———Tksmh +

e o e sz(To 4MP)
[L,, P] = ixd, sinh B (27)
x
[L;, Po]=iP,
where
T,= Q%0 08 %= (0,12) (282)
and
[T, T;]= —die (P,‘ To— 2% sinh % Tk)
(28b)
[To. T})= — dic P, T}
(ii) Coalgebra
A(L)=L,Qefo™ + g~ P2, +21—K o (P,OM V™ + Me~ B QP,)
+ o= (@)an(0ae™ DOy + 0pe BB F0). 29)
(ili) Antipodes
S(Ij,-)=—£;+iP,-=—Ei+£Pi—i(Qo,Q‘+QaiQ). (30)
® 2% 8x
(c) Supercharges sector
(i) Algebra
- P,
{Q4, Oi}=4x04psinh T 2P(0))an
{Qa. Op}=1{04 Qs}=0
[M;, Qul=—%(0)4" Qs (31)
[I:r" Qil=- l cosh 5‘1 (Uz)AB g
2 2x
[P,m QA] = [P#, QA] =0.
(ii) Coproducts
A(Qa)=0,Be" ™+ MR Q,
(32)

A(QA) — QA@!?P“M” + e-(.Pqu)@QA.
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" In four-component notation

0.= (i(%i%i))

we obtain the formulae (1.7a).
(iii) Antipodes

S(QA)=_QA S(QA)= "Qjo (33)

We would like to add here that—due to the supersymmetry relation (31)-—one can
replace the four-momenta by the supercharges

P,=%(Q0.0+00.Q) (34a)

sinhﬂl'——{QmQa} (348)

In the formulae (24)-(33) this freedom has been fixed by the assumption that by
putting in the bosonic quantum Poincaré algebra sector (i.e. in the relations (24)-30))
0.=0Q;=0 we obtain the known x-Poincaré algebra U,(%,) introduced in [15]. It
should be stressed that putting O,=Q; =0 and leaving P,#0 is inconsistent in the
fermionic sector (see (31)). We would like to point out that for the algebraic relations
(24), (27), (31) the Jacobi identities have been verified, and it has been shown that the
coproduct A: U, (P,.)) = U (P, )@ U (P,1), described by the formulae (84, b), (25),
{29) and (32) is the algebra homomorphism.,
Following the formulae for the Casimirs of N=1, D =4 Poincaré€ algebra (see [22],
p. 72) we obtain the following two invariants of U/, (@4 :
(a) Quadratic mass Casimir
The mass Casimir for U, (®,,,) is the same as for U,(%P,) and is given by {4).
(b) Fourlinear spin Casimir
The generalized Pauli-Lubanski vector for N=1, D =4 supersymmetry
m=M|PU+EykP]Ek+ T‘,
WQ=PM+ Tg

defines the superspin s by means of the formulae (for mass Casimir P2 with eigenvalue
m?)t

(35)

WZ——(P W)=—ms(s+1). (36)

The x-extension of the formulae (35, 36) is now under consideration.

In this paper we have generalized the contraction scheme, providing x-Poincaré
algebra to the N=1 Poincaré superalgebra. It is also natural to generalize several
developments, which followed the calculation of x-deformed Poincaré algebra. In
particular
(1) One can extend the fourmomentum space relations of x-Poincaré algebra [15, 16,

23, 24] to the superspace relations
* am gr’z
oulp) 9 (Ps :) ‘ 37)
w-Poincaré  N=1 x-super Poincaré

+For P*=0 also P-W=0 and the superhelicity is defined if we add to 14 superPoincaré generators the
additional one, describing by its eigenvalues the chirality. Such a generator occurs naturally in the
superconformal framework.
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and discuss the x-deformation of supersymmeiric field multiplets.
(ii) -Recently the classical r-matrix (R=1+%r+ O %))

r(UA%F))=L/P; (38)

has been obtained by Zakrzewski [25] from the x-deformed Poincaré algebra, given in
[15]. Similatly, calculating the classical limit of U, {%,,,) as a Lie bi-superalgebra with
cocommutator describing the antisymmetric part of the coproducts (29), (32) and
(8a, b) (linear in 1/x) one obtains

"(Ux(@m)):L:/\Pt—ji O TAY 7)Y (4.3)

Following [25] one can obtain the quantum x-super Poincaré group by a quantization
of the graded Poisson structure generated by (39).

The x-superPoincaré group described by the classical r-matrix (39) describes the
quantum deformation of N=1 D =4 superPoincaré group in the lowest order in 1/x.

The authors would like to thank H Ruegg and V N Tolstoy for discussions at the initial
stage of this work. This work was partially supported by KBN grant 2/0124/91/01.
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